Jlexuisi 17-18. 3acTocyBaHHsI MOXiAHOI 10 AOCHiTKEeHHS PyHKILiH
Iian
1. O3naxka monomounnocmi Qyynkuii
2. Touku excmpemymy
3. Heoo0xioui 11 0ocmamHti ymMo6u iCHy8aHHsa eKcmpemymu QyHKuyii
4.3naxo00xcenna HaUOiNbWI020 W HAUMEHUI020 3HAYeHHA QYHKUIl Ha
8IOpI3Ky
5. Onyknicmo ma eéznymicms Kpueoi. Touxku nepezuny
6. Acumnmomu 2paghixa gpynxuii

7. 3azanvna cxema oocnioxicennsn hynkuii i nodyoosu ix zpaghikie

1. O3naxka monomonnocmi pyukuii

Teopema. Axwo @yuxyia f(x) ougepenyitiosana na inmepsani (a,b) i
f'(x) >0 (f'(x) <0)wna (a,b), mo ¢pynxyis f(x) s3pocmae (cnadac).

2. Touxku excmpemymy

Touka X, Ha3MBAETLCS TOUKOIO JIOKANbHO20 Makcumymy (minivmymy) QyHKIT
f(x), saxuo icuye § —okin (xg — &, xy + &) Touku x, Takuii, mwo f(xy) > f(x)
(f(xo) > f(x)) nnst Gynb-sikoi BimMiHHOI Bin xo Touku x € (xg — &,x¢ + &). Ilpu
bOMY came 3HaueHHS f(X,) HA3UBAETHCS JOKAIbHUM MAKCUMYMOM (MIHIMYMOM)
ynxkii f(x).

Toukn makcumymy 1 MmiHiMymy GyHKoii f(x) HasHBAIOTBCS MOUKAMU
eKCmpemMymy abo ekcmpemanbHumuy moukamu QyHKITIT.

3. Heooxioui i1 0ocmammui ymoeu icHy8anHsa ekcmpemymu Qyuxuii

Heo0Oxigna ymoBa iCHyBaHHSI JIOKAJBHOIO0 eKcTpeMymy QyHKUii. fxuwo 6
mouyi xo ¢ynxyis f(x) mac excmpemym, mo icuye oxin (xo — 8,Xxg + 8) mouku x,
6 axomy snauenns f(xy) € naubinbwum abo naumenwum. Omorce, AKWO 6 Mouyi
xXo pynxyisn f(x) ougepenyiiiosana, mo 32iono meopemu @epma f(xy) =0.

3asznaunmo, 1o kouu Gpyukiis f(x) audepenmiitoBana B Tourl X, i f(xy) # 0,

10 a60 f(xy) > 0, To6TO (yHKILs 3pocTae, abo f(xy) < 0 i GpyHKIis cnagae. 3iacu
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BUILIMBAE, 0 GyHKIA f(X) MOKE MaTH €KCTPEMYM JIMIIE B THX TOYKAX, Y SKHX ii
MOXiJHa piBHA HYIIO, a00 HE ICHYE.

Touku, B sKMX MoXigHa (QYHKIIi pIBHA HYJIIO, HA3UBAIOTBCA CMAYIOHAPHUMU.
CranioHapHl TOYKM W TOYKH, B SIKMUX (PYHKIIS BU3HAuU€HA, ajie il MOXiJHA HE ICHYE
HA3UBAIOTHCS KPUMUYHUMU.

Omxe, mis Toro, mod ¢yukuis f(x) Mana B TOUIli X, EKCTPEMYM, HEOOXIIHO,
1100 1151 TOuka OyJia KPUTUYHOIO.

Teopema (0ocmammui ymosu icnysanus excmpemymy yukuii) Hexaii xo —
kpumuuna mouxa gyuxyii f(x), f(x) nenepepsna ¢ mouyi xy i mac noxiony f'(x) 6
yeix moukax okony (xXg — 6, Xg + 6)3a GUKIIOUEHHAM, MONCIUBO CAMOI MOUKU Xy.
Tooi

1) saxwo f'(x) >0 ona x € (xg—6,xp) [ f'(x) <0 ona x € (x9,%x9+6),
mo mouka Xq € mouxoio maxcumymy gyuxyii f(x).

2) Axwo f'(x) <0 ons x € (xg —8,x0) i f'(x) >0 01 x € (xg,x9 + ),
mo mouka Xo € mouxoio minimymy ¢ynxyii’ f(x).

3) Axwo f'(x) 6 okoni (xg — 8, xy + &) mae 0oun i moii xee 3Hax, mo Xy He €
mouxoio excmpemymy Qyuyii f(x).

[3 ckazaHOro BHUIUIMBAE MPABUIIO JOCHKeHHS PyHKIIT Ha ekcTpemyM. 11[o6
nocmiguru GyHKIio f(x) Ha ekcTpeMyM Tpeba:

1. 3uaiiTu 00nacTh BUBHAUYCHHS (PYHKIIII.

2. Bmaittu f'(x) — nepmy noxiguy ¢yukii f(x).

3. Posp’sizatu piBusiHHA f'(x) = 0 Ta BU3HAYUTH Ti 3HAYCHHS X, TPH SKUX
f'(x) = 0o abo f'(x) He icuye. Hexaii miciisi BUKOHAHHS [UX il OJEPKaHO TOUYKH
X1 < Xy < -+ < X, SKI 3HAXOIATHCS B iHTEpBai (a, b) o06nacti BU3HaUeHHS (YHKIIIl.

4. Y koxHOMy 3 inTepBaniB (a,x), (xq,%3),.., (Xp_1,Xy) B3ATH HOBLIBHY
TOYKY 1 BH3HAYUTH B HIW 3HAK TeEpIIoi MOXigHOi. SIKWil 3HAK MaTWMe MOXiTHA Y
BUOpaHiil TOUIl, TAKWH e 3HAK BOHA MAaTHME ¥ Y BIMIOBITHOMY iHTEpBaJl.

5. Posmmsnytn 3Hak f'(x) y cycimHix iHTepBajax, IMEPEXOAsSYH ITOCITiTOBHO

3]liBa HANpPaBO BiJ MEPIIOrO IHTEPBaNy JI0 OCTAHHHOTO. SIKIIO MPHU I[bOMY 3HAKH
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f'(x) y mBox cycigix iHTepBanmax pi3Hi. TO B KPUTHYHIA TOYI[ € EKCTPEMYM:

[13K13

MaKCUMYM, SIKILO 3HAK 3MIHIOEThCS 3 “+ Ha “-*, MIHIMYM, SIKIIO 3HAK 3MIHIOETHCS 3

T3

Ha “+”. SKmo K y JBOX CYCIAHIX I1HTEpBajax 3HAK MEpIIoi MOXiJHOT He

3MIHIOETHCS. TO eKCTpEMyMY Yy BIIIOBIIHIM KPUTUYHINA TOYIIl HEMAE.

Ipuxnao. locmiauTu Ha ekcTpeMyM QYHKIIIIO y = ix‘* — §x3 — %xz + 2.

1. ®yHKIig BU3HaUYeHa B iHTepBaii (—00, +00).

2.y =x3—2x? — 3x.

3. Po3p’s3kamu piBHsHHA x5 — 2x%2 —3x =0€x; = —1,x, = 0,x3 = 3.

4. B inrepBani (—oo, —1) y' < 0,byunkuis cnagae; 8 inrepsani (—1,0) y' > 0,
¢yuxkiis 3pocrae; inrepsaini (0,3) y' < 0, byukuis crnagae; B inTepsaini (3,0)y" >
0, dynkIis 3pocTae.

5. Touku x; = —1, x3 = 3 € ToUKaMu MIHIMYMYy, a TOuYka X, = 0 € TOUKOIO
MaKCUMYMY J1aHOi (QYHKIIII.

6. Ymin = 11—52;ymm = —9§:ymax = 2.

Teopema. Hexaii xy— cmayionapna mouxa ¢ynxyii f(x) i 6 yiti mouyi icnye
noxiona opyeoeo nopsoky f''(x) #0. Tooi, axwo f'"(x) >0, mo mouxa x, €
mouxoto minimymy ¢ynxyii f(x), a axwo "' (x) < 0, mo — maxcumymy.

Teopema. Axwo 6 cmayionapuin mouyi X ¢yuxyii f(x) nepwa eiominna 6io
nyas noxiona f™(xy) € noxionow napnozo nopadky, mo mouka Xy € MOUKOIO
eKcmpemMymy — @QyHKyii: mouxoro MiHiMymy, saKkuo f () (xg) >0 I mouKow
makcumymy, sakuo f (n) (x0) < 0. MAxwo oic nepwa eiominna 6i0 HYIs NOXIOHA
F™ (xo) € noxionoro nenaprnozo nopsaoKy, mo mouka Xy He € MoOUKoIl eKCMpeMymy

@yHKYi.

4. 3Haxo0rcenHa HaOIbUIO20 1l HAUIMEHUL020 3HAYCHHA YHKUIT HaA BIOPI3KY
JIist 3HaXOKEHHA HAWOLTBIIOrO W HaiMmeHmoro 3HadeHHs ¢GyHKmii f(x),

HelepepBHOT Ha Bimpi3ky [a, b], moTpiOHO 3HAWTH BCi 1l JOKaIbHI €KCTPEMyMH Ha
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[IbOMY Bifpi3Ky Ta ii 3HAYEHHsS Ha KIHIAX Bimpiska, To6TO f(a), f(b). IloTiM 3

oJlep>KaHUX 3Ha4Y€Hb BUOpATH HailMeHIIe i HalOLIbIIe.

5. Onyknicmos ma ecnymicmo Kkpueoi. Touxku nepezuny

Hexaii ¢yskmis y = f(x) Bu3HaueHa Ha iHTepBadi (a,b) 1 B KOXKHIH TOUII
[[BOTO IHTEpBaNy Mae CKiHdeHy moxinHy. Toxi B xoxHii Toumi M (x, f(x)) rpadika
miei (QyHKIIT MOXXHA NPOBECTU JOTHYHY, He mapanenbHy oci Oy. KpuBa, sika €
rpadikom 1iel GyHKIIi, HA3UBAETHCS TIATKOIO.

SIkmo kpuBa, sika € rpadikom ¢yHKIil y = f(x), po3milieHa HE HUXKYE Oyab-
K01 JOTHYHOI Ha iHTepBadi (a,b), TO BOHA HA3UBAETHCSH G2HYMOW 0020pu abo
IPOCTO BrHYTOIO Ha IbOMY iHTepBaii. [Homl 1i 1m1e Ha3uBarOTh onykiow enuz (puc. 20).

Sxuro kpuBa, sika € rpadikoMm ¢yHkuii y = f(x), po3MilieHa He BUIIE Oy/b-
AK01 JOTUYHOI Ha iHTepBajii (a,b), TO BOHA HA3MBAETHCS G2HYMON OOHU3Y aA0O0

IPOCTO OMYKJIOI Ha I[bOMY 1HTepBali. Taky KpUBY Ille Ha3UBAIOTb ONYKIOI 820DY

(puc. 21).

<V
s 4

0 & b 0 @ b
2

Puc. 20 Puc. 21

Touka My(xg, f(xg)) Ha3UBAaE€TBbCA TOYKOI TMEPETHHY TJIATKOI KpPUBOL
y = f(x), sSkmo icHye 6 —OKUT TOYKH X, TaKWd, MO B iHTepBaiax (xo — §,%g) 1
(%9, %9 + &) xpuBa y = f(x), Mae OMyKIICTh PiI3HUX HATIPSIMKIB.

Teopema. Hexau ¢yuxyia y = f(x), eusnauena na iumepsani (a,b) i @
KOJICHI MOYYi Yb0o2o IHMepP8any Mae NOXioOHi 00 Opy2020 NOpAOKY 6KI4HO. ToO0i,
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akwo f''(x) >0 y ecix moukax x € (a,b), mo epagix ¢ynuxyii y = f(x), na
inmepesani (a,b) eenymuii (onyxkauil énus), sxuwo s f''(x) < 0 y ecix moukax x €
(a, b), mo epaix ¢pynxyii onyxauil (onyknuit 62opy).

VYcTaHoBUMO HEOOXIHY YMOBY ICHYBaHHSI TOUKM MeEperuHy rpadika QyHkiii
y = f(x). Hexaii ¢ynkmis y = f(x) BU3HaUYEGHAa 1 Ma€ HEMEpPEpBHI MOXIiTHI 0
APYroro MOPSAKY BKIIOYHO Ha iHTepBaii (a,b). Toxi. SIkmo B KOXHiN TOdUIli X €
(a,b) f""(x) >0, T0 Tpadik ¢yukuii y = f(x) Ha inrepBani (a,b) BrHyTHii
(ommykmmii BHM3). xmo f''(x) < 0, x € (a,b), — 10 rpadik omykauii (OMyKIHH
BroOpy).

Omxe, skmo Ha intepsani (a,b) f''(x) # 0, to rpadik ¢yskiii y = f(x)
TOYOK TMEPErMHy Ha [bOMY iHTepBasi He wMae. Omxke, ymoBa f''(x) =0 €
HEOOXITHO, 1711 TOro, mo0 Touka My(x, f (X)) Oyna Toukoro mneperuHy rpadika
dynkuii y = f(x).

YcTraHOBHMO JTOCTaTHIO YMOBY ICHYBaHHsI TOUKH TieperuHy rpadika yHkIii
y = f(x). Hexait Touka My(xy, f(x,)) Taka, mo f''(x) = 0 i icHye Take &, 110 B
inTepBanmax (x, — &, xg) 1 (xg,xo + ) apyra noxigaa f''(x) mae pisui 3Haku. Toxmi
Touka My(xg, f(Xp)) € TOUYKOIO IMEepEeTHHY.

3ayBaxkenHsi. Touxa M,(xg, f(xg)) € Toukoro meperuHy rpadika QyHKIil
y = f(x) 1 B TOMy BUIIaJIKy, KOTH B To4YIll M, icHye notuuyHa ao rpadika ¢pyHKIii
y = f(x), Apyra noxigHa B caMiil TOYIIl X, HE ICHY€, aJile ICHYE B JIEIKOMY O-OKOJIi

TOUYKH X, MPUIOMY B iHTepBanax (xo — §,%g) 1 (xg, Xg + 6) Mae pi3Hi 3HAKH.

6. Acumnmomu zpacghixka hynkuii

IIpssmMa L Ha3MBa€ThCsA aCHMOTOTOK KpuBOi y = f(x), AKIIO BiACTaHb Bij
TOukH M KpuBOi 10 TIpsAIMOi L 1ipy BimasieHHi ToUky M y HECKIHYEHHICTh TIPSMYE JI0 HYJIS.

[3 HaBeIeHOTrO O3HAYCHHS BUILIMBAE, 1[0 ACUMITOTH MOXYTh ICHYBATH JIUIIIE Y THX
KPHBUX, SIKi MAIOTh SIK 3aBTOJIHO BIITAJICHI TOUKH, TOOTO Y “HECKIHUCHHUX  KPUBHX.

Hanani po3pi3HATUMEMO MOXWIl 1 BEPTUKAIbHI acCUMOTOTH. Jlo moxuimx

ACHUMIITOT HaJIe)KaTh TAKOXX 1 TOPU30HTAJIbHI ACUMIITOTH.
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SIkmo dyskmis f(x) BU3HaYeHA HA HECKIHYEHOCTI 1 iCHYIOTh TpaHuUII

lim £Z2 = k, lim (F(x) — kx) = b,
X—00

x>0 X

TO IpsiMa Y = kX + b € MOXUIO0 aCUMIITOTO KpuBoi y = f(x) mpu x — oo,
[3 o3HaueHHS acHMNOTOTH KpuBOI y = f(X) BHUIUTMBaE, IO TpsMa X = @ €

BEPTUKAJIBLHOIO aCHUMIITOTOO, SKIIO MPUHAWMHI OJHAa 3 TpaHulpb lim f(x) abo
x—-a—0

lim f(x) piBHa +00 a6o — co.
x—a+0

1. 3azanvna cxema oocnioxcennsn ynkuii i nodyooesu ix zpagpikie

[Tpu nocnimxenHi GpyHkIiN 1 1oOyA0BI1 iX rpadikiB Moke OyTH 3aCTOCOBaHa,
HaNpUKIIaI, HACTYITHA CXeMa!

1. 3naliTu 00s1acTh BU3BHAYCHHS (PYHKIIII.

2. 3HAWTH TOYKW PO3PHBY Ta BU3HAYMTH 1X THII.

3. 3HaifTh acUMNITOTH Tpadika GyHKIIIH.

4, 3naiiTn moxigHy GYHKIT 1 3a il JOMOMOrOK BCTAaHOBUTH I1HTEPBAIU
3pOCTaHHA 1 cafgaHHs QyHKITIT.

5. 3HalTH TOYKM MAKCUMyMy 1 MIHIMyMYy (QVHKIi, a TaKOX MaKCUMajbHE U
MiHIMaJIbHE 3HAYCHHS ()YHKITII.

6. 3HaiiTi apyry MOXimHY 1 3a i JOMOMOTO0 BU3HAYUTH THTEPBAIHM OMYKIOCTI
il Touku nieperuHy rpadika §yHKITII.

7. 3HATH TOYKHU TIepeTUHY rpadika YyHKIIIT 3 OCAMH KOOPAHHAT.

8. BpaxoBytoun ofiepskaHi pe3ynbTaTH, o0y yBaTu rpadix ¢yHKIIII.
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